Nonlinear dynamics of Disk-based MEMS Coriolis Vibrating Gyroscope under parametric excitation of vibrations
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Abstract: This work is devoted to the development of a mathematical model and a qualitative
study of the nonlinear dynamics Disk-based MEMS Coriolis Vibrating Gyroscope in the free
precession mode of the operating mode of oscillations with parametric excitation of the resonator. Nonlinear equations of the dynamics of a resonator on a movable base are obtained.
Using asymptotic methods, the regions of parametric resonance are found, on the basis of which
the amplitude-frequency characteristics of the nonlinear system are constructed.
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1. Introduction (10 point, bold)
In a gyroscope of this type, a silicon disk is connected to the armature by means of an isotropic elastic
suspension, the resonator has a thickness of 40 [µm], the outer and inner radii of the disk are 420
[µm], 210 [µm], respectively, the initial data are taken for a real design from [13]. The system is considered without considering the influence of the stiffness of the elastic suspension. The natural frequency of the operating mode of the resonator is 4.53 [MHz]. The electrode structure, which has capacitive gaps of 270 [nm], consists of 24 electrodes with a circular surface, and due to the symmetry
of the working mode of oscillations, it contains 4 independent groups of electrodes located symmetrically relative to the resonator [14]. The purpose of this work is to qualitatively study the dynamics of
the resonator with parametric excitation of oscillations considering the geometric and electrostatic
nonlinearity of the system. The tasks of the work are: creation and analysis of a compact mathematical model of MTVG, namely, the definition of zones of parametric swing oscillations; construction of
resonance curves for a resonator on a fixed base in the region of the main parametric resonance and
analysis of their stability.

2. Results and Discussion (10 point, bold)
On the basis of the Hamilton-Ostrogradsky variational principle and the Ritz method, a system of
nonlinear differential equations is obtained that describes the dynamics of a disk resonator with an
electronic control system, considering the influence of nonlinearity of geometric relationships, the presence of internal friction and the action of electrostatic forces. The equations of motion in dimensionless
variables are as follows:
C̈ + (1 + σ2 )C + A1 C(C2 + S2 ) + RĊ + A2 Ċ = (A3 C + A4 C(C2 + S2 )) sin((2 + σ1 )τ),
(1)
S̈ + (1 + σ2 )S + A1 S(C2 + S2 ) + RṠ − A2 Ṡ = (A3 S + A4 S(C2 + S2 )) sin((2 + σ1 )τ),

where σ2 − dimensionless detuning of the natural frequency of the system caused by the constant
component of the electric field, A1 − A4 − coefficients depending on the selected operating mode of
the resonator, the parameters of the material and components responsible for the electric forces Wi , ΔWi ,
introduced in the equation (2) , σ1 − detuning of the excitation frequency from the frequency of the
main parametric resonance for an unstressed resonator, R − friction parameter, C, S − modal coordinates normalized over the capacitive gap, τ − dimensionless time.
The voltage Vi on each group of electrodes shown in Figure 1 changes according to a harmonic law
and has the form:
4
̅̅̅̅,
(2)
Vi2 (t) = Wi2 + Wi ΔWi sin((2 + σ1 )τ) , j = 1,4
π
where Wi , [В]; ΔWi , [В] − constant and variable voltage components of the i-th group of electrodes.
The asymptotic solution in the first approximation has the form:
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C = a1 cos ((1 + σ1 ) t + ψ1 ) + O(ε),
2
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(3)
1
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S = a2 cos((1 + σ1 )t + ψ2 ) + O(ε),
2
2
where O(ε) − are small expansion terms, a1 = a1 (t), a2 = a2 (t), ψ1 = ψ1 (t), ψ2 = ψ2 (t) – are
slow amplitude-phase variables, which are found from solutions of the following system:
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+ A sin ( − )
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On the basis of the developed mathematical model, the region was investigated and the region of the
main parametric resonance was found. The transient curves at various values of the constant voltage
are shown in Figure 1. The results obtained allowed us to estimate the starting voltages for a real structure, at a specific value of the deviation of the vibration excitation frequency (σ1 ) from the natural
frequency of the system (1 + σ2 ). On the basis of the obtained system (4) with the use of numerical
methods of the theory of continuation, the amplitude-frequency characteristics of the resonator are constructed when the variable voltage component is varied. Figure 2 shows the dependence of the steadystate oscillation amplitude normalized with respect to the capacitive gap on the frequency detuning σ1 ,
the dashed line indicates the unstable branches.

Fig. 1. Transition curves for a parametrically excited
resonator,
at
ΔW1 = ΔW2 = ΔW3 =
ΔW4 и W1 = W2 = W3 = W4 .

Fig.2. Amplitude-frequency characteristics for a
parametrically excited resonator, constant voltage
component W1 = W2 = W3 = W4 = 5[В], friction
parameter R = 10−5

3. Conclusion
The paper presents a mathematical model of an CVG with a disk resonator. The nonlinear
dynamics of the system is investigated in the region of the main parametric resonance. For
specific parameters of the possible design of the CVG, the starting voltages were assessed.
Resonance curves of the resonator are constructed, the stability of the found stationary solutions is investigated. The proposed dynamic model of CVG will be used in the future for the
parametric analysis of the free precession mode of the operating mode of oscillations of the
resonator on a moving base, as well as for the development of algorithms for carrying out
calibration tests of the sensor in the presence of material and geometric imperfections, methods of dynamic balancing and algorithms for controlling the oscillations of the sensitive element.
References
[1] ПЕШЕХОНОВ В. Г. ПЕРСПЕКТИВЫ РАЗВИТИЯ ГИРОСКОПИИ //ГИРОСКОПИЯ И НАВИГАЦИЯ. – 2020. – Т.
28. – №. 2. – С. 3-10.

[2] ПЕШЕХОНОВ В. Г. СОВРЕМЕННОЕ СОСТОЯНИЕ И ПЕРСПЕКТИВЫ РАЗВИТИЯ ГИРОСКОПИЧЕСКИХ СИСТЕМ //ГИРОСКОПИЯ И НАВИГАЦИЯ. – 2011. – №. 1. – С. 3-16.

[3] POURKAMALI S., HAO Z., AYAZI F. VHF SINGLE CRYSTAL SILICON CAPACITIVE ELLIPTIC BULK-MODE
DISK RESONATORS-PART II: IMPLEMENTATION AND CHARACTERIZATION //JOURNAL OF MICROELECTROMECHANICAL SYSTEMS. – 2004. – Т. 13. – №. 6. – С. 1054-1062.

[4] JOHARI H., AYAZI F. HIGH-FREQUENCY

CAPACITIVE DISK GYROSCOPES IN (100) AND (111) SILICON
//2007 IEEE 20TH INTERNATIONAL CONFERENCE ON MICRO ELECTRO MECHANICAL SYSTEMS (MEMS). –
IEEE, 2007. – С. 47-50
[5] MIRJALILI R. ET AL. SUBSTRATE-DECOUPLED SILICON DISK RESONATORS HAVING DEGENERATE GYROSCOPIC MODES WITH Q IN EXCESS OF 1-MILLION //2015 TRANSDUCERS-2015 18TH INTERNATIONAL

CONFERENCE ON SOLID-STATE SENSORS, ACTUATORS AND MICROSYSTEMS (TRANSDUCERS). –
IEEE, 2015. – С. 15-18.
[6] SERRANO D. E. ET AL. SUBSTRATE-DECOUPLED, BULK-ACOUSTIC WAVE GYROSCOPES: DESIGN AND
EVALUATION OF NEXT-GENERATION ENVIRONMENTALLY ROBUST DEVICES //MICROSYSTEMS &
NANOENGINEERING. – 2016. – Т. 2. – №. 1. – С. 1-10.
[7] LYCHEV S. A., MANZHIROV A. V., JOUBERT S. V. CLOSED SOLUTIONS OF BOUNDARY-VALUE PROBLEMS
OF COUPLED THERMOELASTICITY //MECHANICS OF SOLIDS. – 2010. – Т. 45. – №. 4. – С. 610-623.
[8] ДУРУКАН Я., РЫБИНА М. А., ШЕВЕЛЬКО М. М. СОСТОЯНИЕ И ПЕРСПЕКТИВЫ РАЗРАБОТКИ ЧУВСТВИТЕЛЬНЫХ ЭЛЕМЕНТОВ НА ОБЪЕМНЫХ АКУСТИЧЕСКИХ ВОЛНАХ ДЛЯ ДАТЧИКОВ УГЛОВОЙ СКОРОСТИ
//НАВИГАЦИЯ И УПРАВЛЕНИЕ ДВИЖЕНИЕМ. – 2019. – С. 169-171.

[9] SHARMA J. N., GROVER D., KAUR D. MATHEMATICAL MODELLING AND ANALYSIS OF BULK WAVES IN
//APPLIED MATHEMATICAL MODELLING.
– 2011. – Т. 35. – №. 7. – С. 3396-3407.
JANI S. M. H., KIANI Y. GENERALIZED THERMO-ELECTRO-ELASTICITY OF A PIEZOELECTRIC DISK USING
LORD-SHULMAN THEORY //JOURNAL OF THERMAL STRESSES. – 2020. – Т. 43. – №. 4. – С. 473-488.
YANG Y. ET AL. NONLINEARITY OF DEGENERATELY DOPED BULK-MODE SILICON MEMS RESONATORS
//JOURNAL OF MICROELECTROMECHANICAL SYSTEMS. – 2016. – Т. 25. – №. 5. – С. 859-869.
HU Z., GALLACHER B. J. EFFECTS OF NONLINEARITY ON THE ANGULAR DRIFT ERROR OF AN ELECTROSTATIC MEMS RATE INTEGRATING GYROSCOPE //IEEE SENSORS JOURNAL. – 2019. – Т. 19. – №. 22. –
С. 10271-10280.
SERRANO D. E. ET AL. SUBSTRATE-DECOUPLED, BULK-ACOUSTIC WAVE GYROSCOPES: DESIGN AND
EVALUATION OF NEXT-GENERATION ENVIRONMENTALLY ROBUST DEVICES //MICROSYSTEMS &
NANOENGINEERING. – 2016. – Т. 2. – №. 1. – С. 1-10.
JOUBERT S.V., SHATALOV M.Y., SPOELSTRA H. (2017) ON ELECTRONICALLY RESTORING AN IMPERFECT
VIBRATORY GYROSCOPE TO AN IDEAL STATE. IN: ALTENBACH H., GOLDSTEIN R., MURASHKIN E. (EDS)
MECHANICS FOR MATERIALS AND TECHNOLOGIES. ADVANCED STRUCTURED MATERIALS, VOL 46.
SPRINGER, CHAM
ROTATING GENERALIZED THERMOELASTIC MEDIA WITH VOIDS

[10]
[11]
[12]
[13]
[14]

