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Abstract: The motion of a point mass in a vertical plane under the action of gravity forces,
viscous friction, support reaction of the curve and the thrust is considered. The slope angle
and the thrust are treated as control variables. The amount of the propellant is given. The aim
is to maximize the horizontal coordinate of the particle. Time of the process is given. The interrelated Brachistochrone problem is also considered. For the case of frictionless motion, it is
shown that optimal thrust control is bang-bang-type, and trajectory consists of two arcs, starting with maximum thrust, and ending with zero thrust. Optimal synthesis in the three dimensional space “mass-velocity-slope angle” is designed. For the case of linear viscous friction
the arc with singular thrust includes in the extremal trajectory. It is shown that optimal thrust
program consists of either two arcs, maximum thrust at the beginning and zero thrust at the
end, or three arcs: maximum thrust at the beginning, then intermediate (singular) thrust and
zero thrust at the end. The control logic of the thrust is similar to the Goddard problem. The
results of numerical simulation for the case of linear viscous friction illustrating the theoretical conclusions are presented.
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1. Introduction
The motion of a material point in a vertical plane in a homogeneous field of gravity and in a homogeneous, resisting medium is considered. The trajectory angle and thrust are considered as control
variables. The goal of the control is to maximize the horizontal range for a given time. The amount of
fuel is given. Along with the range maximization problem, we can consider a modified brachistochrone problem formulated as follows: find a curve connecting two points in the vertical plane along
which a material point in the field of gravity and nonconservative force moves from the initial to the
final point in the shortest time.
The classical theory of the calculus of variations and, later, the theory of optimal control were applied to the problem of maximizing the vertical altitude of a rocket with a given amount of fuel. Two
special cases, namely, one with a linear dependence of the resistance on the velocity, and the other
with a quadratic dependence on the velocity, were considered in [1]. In [2], the optimal flight in the
vertical plane for an "intermediate" model of an aircraft was studied. The slope angle was taken as
control variable. This model is suitable for studying the optimal motion of special types of aircraft, for
which it is possible to change the lifting force without changing the drag force. For various modifications of the brachistochrone problem with viscous friction, the normal component of the reaction
force of the curve also allows changing the angle of inclination of the trajectory without changing the
resistance force [3]. The Results of numerical simulation for the case of an accelerating force propor-

tional to the velocity were presented in [3]. The Brachistochrone problem in the presence of a constant thrust force and a linear viscous friction force was studied in [4]. In [5], the problem of maximizing the horizontal range with a penalty on fuel consumption was considered, while it was assumed
that the change in the amount of fuel does not affect the dynamics of the point movement.
In this paper, the problem of maximizing the range is considered taking into account the influence
of the amount of fuel on the dynamics of the point mass.

2. Problem Formulation
Equations of motion are as follows:
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(1)

where x, y are horizontal and vertical coordinates of the particle correspondingly, v is the velocity modulus, m is mass of the particle, k is a coefficient of the viscous friction, c is exhaust
velocity of the gas flow, g is gravitational acceleration,  is the slope angle, u is mass change rate,
 and u are considered as control variables. Boundary conditions for the system (1) have the form:

x(0)  x 0, y (0)  y 0, v(0)  v 0, m(0)  m0, m(T )  mT.

(2)

T is given process time. The goal function is

J   x(T )  min

(3)

 ,u

u  [0, u ] , u is a positive constant. The problem (1) - (3) is Mayer optimal control problem.
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